The coupled system of smooth and discontinuous absorber and beam bridge under moving loads is constructed in order to detect the effectiveness of smooth and discontinuous absorber. It is worth pointing out that the coupled system contains an irrational restoring force which is a barrier for conventional nonlinear techniques. Hence, the harmonic balance method and Fourier expansion are used to obtain the approximate solutions of the system. The first and the second kind of generalized complete elliptic integrals are introduced. Furthermore, using power flow approach, the performance of smooth and discontinuous absorber in vibration reduction is estimated through the input energy, the dissipated energy, and the damping efficiency. It is interesting that only depending on the value of the smoothness parameter, the efficiency parameter of vibration reduction is optimized. Therefore, smooth and discontinuous absorber can adapt itself to effectively reducing the amplitude of the vibration of the beam bridge, which provides an insight to the understanding of the applications of smooth and discontinuous oscillator in engineering and power flow characteristics in nonlinear system.
Introduction
The vibration absorbers play an important role in vibration control in mechanical systems [1] [2] [3] and comprise a spring-damper attachment mounted on the main structure. When the main structure is forced to vibrate, the device can absorb energy to reduce its vibration amplitude. Based on the characteristics of the vibration absorber, it may be classified into two kinds: linear absorber and nonlinear one. As is well known, the effectiveness of the linear absorber is limited to the narrow frequency range. The linear absorber cannot meet the actual requirement with the development of engineering. Hence, the development of the nonlinear absorber is promoted. Riganti and Zavattaro 4 considered the problem of a qualitative distinction between chaotic and hyperchaotic responses in a nonlinear vibration absorber with 2 degrees of freedom. A theoretical study was presented to design nonlinear vibration absorbers and improve their stability and effective frequency bandwidths in Frank Pai and Schulz.
energy from both excited modes of the linear subsystem. The performance of nonlinear dampers was detected and two conservation laws were obtained in Samani and Pellicano. 7 The problem of mitigating the vibration by nonlinear dynamical absorbers was addressed. 8 They found that it was effective in a wide range of forcing amplitudes. Furthermore, the behavior of a new type of nonlinear dynamic vibration absorber was studied in Febbo and Machado. 9 Recently, the effectiveness of the nonlinear absorber for eliminating bifurcations and suppressing the amplitude of primary resonance response was showed in Ji. 10 These results mentioned above demonstrate that the nonlinear absorbers have overcome some drawbacks of the linear absorber. But the use of nonlinear dynamic vibration absorbers (DVAs) for replacing the classical linear devices was not generally convenient in Samani and Pellicano. 11 Of course, the results were related to the specific problem of moving loads and had no evidence to claim that such results could be generalized to other mechanical systems.
The investigations on vibration and control of beam bridges using the vibration absorbers have been of great significance in engineering. There are a few works on the study of vibrations of beams subjected to either stationary or moving loads. [12] [13] [14] [15] [16] [17] [18] [19] The structural analysis of a Timoshenko beam system with tuned mass dampers (TMDs) under moving-load excitation was presented in Chen and Chen, 15 and the effectiveness of a TMD for vibrational control was emphasized. An optimal TMD system was utilized to suppress the undesirable beam vibration in Younesian et al., 16 and the dynamic performance of the bridge before and after the installation of the TMD system was compared to show the effectiveness of the designed TMD system. The optimal design of a linear vibration absorber was considered for vibration reduction in simply supported beams subjected to constant moving loads in Issa Jimmy. 17 The dynamic performance of a combined bridge-vehicle system with an TMD system was analyzed in Moghaddas et al. 18 An optimal design of TMD system was proposed to suppress the effect of non-symmetrical and side-way motion of vehicles traveling on bridges. 19 Furthermore, in practice, it is worth pointing out that frequency often shifts from one mode to another in the beam bridge subjected to moving loads. All kinds of moving loads can lead to the different external excitation frequency. It involves a versatile dynamic damper which can lead itself to linear dynamic dampers or nonlinear ones to meet the demands of vibration reduction. Although the use of nonlinear absorbers overcame the drawback of narrow frequency range, the natural frequencies are fixed, which cannot adapt itself to meeting the demands of vibration reduction in order to increase load capacity and extend the service life of beam bridge. Hence, the results encourage the research on a versatile dynamic damper which leads itself to linear dynamic damper or nonlinear one in order to meet vibration control demands.
Smooth and discontinuous (SD) oscillator was put forward by Cao et al. 20, 21 The research results showed that the restoring force was irrational nonlinear form in the system. It was found that SD oscillator admitted codimension-two bifurcation at the trivial equilibrium in certain cases and the bifurcation diagram was drawn. 22 Tian et al. 23 investigated Hopf bifurcations of SD oscillator by introducing a series of new kinds of elliptic integrals of the first and second one. Cao and Xiong studied the complex resonant behaviors by constructing a series of generating functions and canonical transformations to obtain the normal form of the system, which offered a better understanding of the transition of resonance mechanism and further revealed the transfer mechanism of vibration energy in a nonlinear dynamical system. 24 Hence, SD oscillator has rich and complex dynamic behaviors, and the nature frequency can change with the smooth parameter, which indicates that it is valuable to construct SD absorber to assess its efficiency of vibration absorption.
The motivation of this article is originated from the interests in constructing SD absorber based on SD oscillator and detecting the efficiency of vibration reduction for the application of SD absorber. Hence, we propose the coupled system of SD absorber and beam bridge in this article. In order to detect the effectiveness of SD absorber, the coupled system of SD absorber and the beam bridge under moving loads is detected. It is noting that by introducing a series of new kinds of elliptic integrals of the first and second kind and using the harmonic balance method, we can obtain the algebraic equation whose solutions are topologically equivalent to the ones of the coupled system. This article is organized as follows. In the next section, the coupled system of SD absorber and the beam bridge subjected to moving loads are constructed, in which the axial force is considered. Furthermore, an infinite series of moving loads with constant velocity repeat at the given time intervals. In section ''Solution procedure and dynamical analysis,'' the algebraic equations are obtained by introducing a series of new kinds of elliptic integrals of the first and second kind and using the harmonic balance method, whose solutions are topologically equivalent to the ones of the original coupled system. In section ''Efficiency of SD absorber,'' the associated vibratory power flows are calculated from the inner product of the force and the corresponding velocity response. The portion of the input energy dissipated by the viscous damper and the kinetic energy of SD absorber is computed, which shows the effect of SD absorber. In the last section, the efficiency parameter of vibration reduction is defined. The influence of different parameters on the efficiency parameter is investigated and of particular concern is the smoothness parameter contributed to the characteristics of the efficiency parameter.
Mathematical model for the bridge-SD absorber coupling system SD oscillator is an example of a conservative nonlinear oscillatory system whose natural frequency can be changed depending on the value of the smoothness parameter. [20] [21] [22] [23] [24] In a complicated real system, frequency often shifts from one mode to another. It involves a versatile dynamic damper which can lead itself to linear dynamic dampers or nonlinear one to meet reduction demands. Hence, based on SD oscillator, SD absorber is constructed as shown in Figure 1 . SD absorber consists of the mass m 2 linked by a pair of inclined springs of stiffness k 2 and a vertical damper. The oscillator can move up and down, but cannot touch the frame. Obviously, from Figure 1 , the springs of SD absorber are vertical and SD absorber can be regarded as a linear absorber (TMD). Otherwise, it can be a nonlinear one. Furthermore, its natural frequency changes depending on the values of the smoothness parameter a = l 0 =l.
In order to detect the effectiveness of SD absorber, we assume that the beam bridge is subjected to an infinite series of moving loads with a constant speed v. The system model of the coupled bridge-SD absorber is shown in Figure 2 . If the beam bridge is perturbed by a viscous damping c 1 , the coupled bridge-SD dynamical system can be mathematically modeled by
where
and EI, u(x, t), rA, c 1 , c 2 , and M are the flexural rigidity, the vertical displacement of beam, the mass of unit length, the damping coefficient of beam, the damping coefficient of SD absorber, and the equivalent mass of moving load, respectively. S(x, t) = 7EA½1=2(∂u=∂x) 2 is the axial force. 25 The use of d function is to accommodate a pointwise concentrated load. The reader can refer to Timoshenko et al. 26 and Thomson and Dahleh 27 for further details of the mathematical modeling.
Although more effective vibration reduction in beam bridge will be given using a heavy SD absorber, the static deflection of beam bridge increases as well. Hence, the mass of the absorber cannot be too large. Here, the mass of SD absorber is less than 1% of the total mass of the beam bridge.
We will focus our attention on efficiency of vibration reduction for SD absorber. The first mode of the beam is the dominant mode in our application and a single mode model will be adopted. Hence, u can be written in the following form where q(t) is the amplitude of the mode. Substituting equation (2) into equation (1) and integrating the first equation of equation (1) 
Traditionally, dynamic effects on the beam bridge under the action of a single moving load are taken into account. Here, a beam bridge is subjected to an infinite series of moving loads with constant velocity which repeat at time L=v intervals. We know that j sin pvt=Lj (t ! 0) can substitute for sin pvt=L (0 t L=v) to discuss the vibration of mid-span by moving loads passing through the beam bridge successively. 28 Therefore, equation (3) can be written in the following form
Equation (4) yields
Clearly, from equation (4), the limit case of SD absorber, that is, a = 0, can be regarded as TMD. Furthermore, it is interesting that the natural frequency of SD absorber can be changed depended on the value of the smoothness parameter. Hence, SD absorber can be the linear absorber (TMD) or nonlinear one, which can adapt itself to meeting vibration reduction demands and broaden its applications in engineering.
Solution procedure and dynamical analysis
Power flow theory has been one of the major methods for studying vibration. [29] [30] [31] [32] [33] Vibratory power flow can be introduced to examine the efficiency of SD absorber, which contains the force, the speed, and their phase relationship and can describe power flow transmissions more accurately in dynamical system. It is necessary to study the performance of SD absorber in vibration reduction using power flow approach. Hence, we focus our attention on the solution of equation (6) in this section. By introducing a series of new kinds of elliptic integrals of the first and second kind and using the harmonic balance method, 26 we obtain the algebraic equation whose solutions are topologically equivalent to the ones of the original equation (6) .
Obviously, the external excitation f j sin vtj can be expanded into a Fourier series up to the first order
Let q = q 0 + q 1 cos 2vt + q 2 sin 2vt
and the nonlinear restoring force 2g 3 p(1 À 1= ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi p 2 + a 2 p ) + g 2 _ p is represented as Fourier expansions up to the first order
Of course, when equations (7) and (9) are used each time, the leading order terms are used.
Clearly
To calculate R 1 in equation (10), we introduce the generalized complete elliptic integrals of the first and the second kind as follows 18 
SDK½k
where EllipticK½k and EllipticE½k represent the complete elliptic integrals of the first and the second kind, respectively. Therefore
In the special case of a = 0, that is
we have
Hence, we have successfully introduced generalized complete elliptic integrals of the first and second kind in investigating the Fourier expansions of the irrational nonlinear restoring force for both smooth, that is, a.0 and discontinuous stages, that is, a = 0.
The general idea of the harmonic balance method is to represent each time history by its frequency content to obtain a series of algebraic equations by balancing the same frequency components. Hence, substituting equations (7)-(9) into equation (6) and comparing the coefficients of the same harmonics (i.e. sin 2vt, cos 2vt), we obtain
which leads to the static response 
The numerical method is used to obtain the solutions of equations (6) and (19) , that is, the original equation and the algebraic equation, in order to demonstrate the validity of the harmonic balance method. Three different speeds are examined, and other parameters are EI = 3:0996 3 10 10 N m 2 , r = 7000 kg=m 3 , A = 6:8 m 2 , c 1 = 0:02 N=(m=s), L = 40 m, m 2 = 3000 kg, c 2 = 0:01 N=(m=s), k 2 = 500 N=m, M = 5000 kg, and l = 10 m. Figure 3(a) displays the maximum of the amplitude for the middle span of the bridge, that is,
p for equation (19) and q max for equation (6) . Figure 3 (b) represents p 1 and p max for SD absorber in equations (19) and (6) .
The effect of v on the vibration of the coupled bridge-SD dynamical system and the validity of the harmonic balance method are examined as follows:
1. The values of Max and p 1 are similar to q max and p max in different speeds for the system, as shown in equations (6) and (19) (see Figure 3) , respectively. Hence, the harmonic balance method is effective. 2. As a increases, Max decreases in Figure 3(a) , while p 1 increases in Figure 3(b) . Furthermore, it is noting that when a is up to a given value, the vibration reduction efficiency changes little, which reveals that the effective vibration absorption of SD absorber is relatively steady depending on the parameter a 6 ¼ 0.
Once the nonlinear dynamic displacements can be obtained using the harmonic balance method, the associated vibratory power flow will be calculated from the inner product of the force and the corresponding velocity response in this section. Furthermore, the portion of the input energy dissipated by the viscous damper and the kinetic energy of SD absorber is computed, which shows the effect of SD absorber.
Input power flow
From x = vt, equation (3), and the transformation (5), we have
Substituting the first equation of the transformation (8) into equation (21), the first derivation of u with respect to t yields where u 1 = arctan q 2 =q 1 and u 2 = arctan q 2 =2q 0 À q 1 . The instantaneous input power flow density p in at any point x = vt is defined by the dot product of the velocity and the force F = (f j sin (vt)j À u€ q sin 2 vt) caused by moving loads and the axial force, that is
Hence, the time-averaged input power flow P in is
From equation (24), P in is associated with f, v, and u, that is, the quality and velocity of moving loads. However, the specific relationship is not clear. Based on such reasons, we will study the absorption power flow and the damping efficiency in the following section.
Absorption power flow
The instantaneous and time-averaged absorption power flow absorbed by SD absorber can be derived. That is, the instantaneous absorption power flow p a and the time-averaged absorption power flow P a absorbed by SD absorber are given, respectively, by
and
Substituting the second equation of the transformation (8) and (25) into equation (26) yields
where j = arctan g 2 v=g 3 . Especially, when k 2 = 0, the time-averaged dissipated power P d flow satisfies
Obviously, P d is associated with g 2 , v, and p 1 , that is, the characters of SD oscillator. In that case, we will aim at optimizing SD absorber to achieve an ideal effect of vibration reduction.
Efficiency of SD absorber
The aim of the power flow control is to increase absorption power flow and reduce the input power flow as much as possible. We introduced h as the efficiency parameter of vibration reduction which is the ratio of P in and P d , that is
Hence, when h is close to 1, the input power is converted into the dissipative energy as much as possible to minimize the vibration of the bridge, which is an ideal situation. Furthermore, it is interesting that the natural frequency of SD absorber can be changed depending on the value of the smoothness parameter a. SD absorber is just the linear absorber (TMD), that is, a = 0, or the nonlinear absorber, that is, a 6 ¼ 0. Therefore, in this section, the influences of different parameters on h are investigated and of particular concern is the parameter a contributed to the character of h.
Effects of the mass of moving load and the smoothness parameter
To examine the effect of the equivalent mass of the moving load M on h, three different values of the parameter a, that is, a = 0, 0:2, and 0:9 are examined in M À h plane (see Figure 3) . The other parameters are chosen as EI = 3:0996 3 10 10 N m 2 , r = 7000 kg=m 3 , A = 6:8 m 2 , c 1 = 0:02 N=(m=s), L = 40 m, m 2 = 3000 kg, c 2 = 0:00001 N=(m=s), k 2 = 500 N=m, l = 10 m, and v = 18 m=s. The results presented in Figure 4 reveal that the equivalent mass of moving load M and the smoothness parameter a have significant influences on the character of h. The following characteristics of h are observed:
1. The values of h are very near to 0 for a = 0 (see Figure 4 (a)), while the values of the efficiency parameter of vibration reduction, that is, h, can reach a value between 0:1 and 0:8 for a 6 ¼ 0 (see Figure 4 (b)). These results reveal that the SDnonlinear absorber, that is, a 6 ¼ 0, possesses better effects of vibration reduction with respect to the SD-linear absorber, that is, a = 0. 2. The parameter h is out of proportion to the equivalent mass of moving load M. Clearly, as M grows, there are some peaks for h depending on three different values of the parameter a, respectively (see Figure 4) . Hence, SD absorber can adapt itself to obtaining the better effect of vibration reduction. 3. As the parameter a increases, the values of h are irregular (see Figure 4(b) ). When the equivalent mass of moving load M yields 79, 600 kg M 90, 000 kg and 170, 000 kg M 230, 000 kg, there is no better advantage in using the SD-nonlinear absorber for a = 0:9 than the SD-nonlinear absorber for a = 0:2. But, as the equivalent mass of moving load M satisfies 48, 500 kg M 52, 000 kg and 230, 000 kg M 290, 000 kg, the advantage of the former in reducing the maximum amplitude of vibration is more significant than one of the latter. Therefore, fundamental studies are still needed to reveal the basic principles governing the characteristics of h depending on the parameter a.
Effects of the mass ratio and the smoothness parameter
The effects of the mass ratio m = m 2 =rAL on h are now examined with three different values of the parameter a, that is, a = 0, 0:32, and 0:7, and other parameters fixed as EI = 3:0996 3 10 10 N m 2 , r = 5500 kg=m 3 , A = 6:8 m 2 , c 1 = 0:02 N=(m=s), L = 40 m, c 2 = 0:0001 N=(m=s), k 2 = 500 N=m, M = 50, 000 kg, l = 10 m, and v = 32:1 m=s. Figure 5 (a) displays that the mass ratio m has no obvious influence on h, while h lies in an approximate straight line in Figure 5 (b) for a = 0. Furthermore, the SD-nonlinear absorber (red line) behaves better than the SD-linear absorber (blue line) for 0\m\0:0038. But, when the mass ratio yields m ! 0:0038, this advantage will gradually disappear. Hence, in order to achieve the better effects of vibration absorption, the values of the parameter a are constructed. For 0\m\0:0023, we can take a = 0:32. Especially, when m = 0:0019, h is beyond 90%. For 0:0023\m\0:0047, we can choose a = 0:7, while m.0:0047, a = 0:7, and a = 0 are considered. These results reveal the flexibility of SD absorber, which can adapt itself to meeting vibration reduction demands.
Performance of the frequency-variable absorber
Previous research has clearly shown that a better understanding of the parameter a contributed to the character of h is very necessary. Therefore, we will detect the above problem in detail.
The efficiency parameter of vibration reduction, that is, h, for the equivalent mass of moving load M, the mass ratio m, and the speed of moving load v is calculated in the parameter a domain. The parameters are fixed as EI = 3:0996 3 10 10 N m 2 , r = 5500 kg=m 3 , A = 6:8 m 2 , c 1 = 0:02 N=(m=s), L = 40 m, c 2 = 0:0001 N=(m=s), k 2 = 500 N=m, and l = 10 m. Figure 6 illustrates the effect of a and M on h and the other parameters choose v = 32:1 m=s, m 2 = 3000 kg. Clearly, when M = 30, 000, 37, 500, and 50, 000 kg, the values of h can reach the biggest by adjusting the value of a, respectively, which show the advantages of the frequency conversion. In addition, the damping effect is poor for a = 0, while it is significant for a 6 ¼ 0. That is, more than 90% of the input power flow is absorbed by the nonlinear absorber. Figure 6 (b) presents the details near a = 0 in Figure 6 (a). When a = 0:022, we can see that the damping effect is also significant for M = 50, 000 kg. Therefore, there are two main peaks of h for M = 50, 000 kg. Clearly, the scope of a for the second state is wide (see Figure 6 (c) and (d)). Therefore, the latter should be chosen in the practical application.
In order to reveal the effects of a on h for the different mass ratios, the parameters M = 50, 000 kg, v = 32:1 m=s are set in Figure 7 . Figure 7 (a) examines the characteristics of the parameter h by varying the mass ratios m = 0:003, 0:0023, and 0:002. Figure 6(b) shows the details of the structure for 0 a 0:04 in Figure 7 (a). It is seen that the effect of vibration reduction will rise as the mass ratio increases when the value of a is near to 0, that is, the linear absorber (see Figure  7(b) ). But when the value of a is not equal to 0, that is, the nonlinear one, the parameter h does not follow the same rule (see Figure 7(a) and (b) ). There are some peaks for h which corresponds to m, which reveals that SD absorber can adapt itself to meeting the requirement of vibration reduction. Furthermore, from Figure 7 which reveals that the former should not be chosen in the practical application. Figure 8 shows that the relationship between a and h which varies with the speed of the moving load. The parameters M = 50, 000 kg, m 2 = 3000 kg are considered, and the moving speeds are v = 33:91, 32:10, and 30 m=s. It can be seen that for the special range of the moving speed, SD absorber can effectively reduce the amplitude of the vibration of the beam bridge, that is, the value of h is up to 0:8, which indicates the necessity for the speed limit.
To sum up, the natural frequency of SD absorber can be changed depending on the value of the smoothness parameter. Hence, SD absorber can be the linear absorber (TMD) or the nonlinear one, which can adapt itself to meeting vibration reduction demands. Rather, from Figures 4, 6 , and 8, we know that the results seem random. In fact, these illusions originate from the definition of h (see equations (24) , (28) , and (29)). In particular, P in is associated with trigonometric functions. Hence, they are non-random. 
Conclusion
SD absorber was proposed to suppress the vibrations of the beam bridge under successive moving loads which repeat at time L=v intervals. The research was focused on the analysis of the effectiveness of SD absorber, and the efficiency parameter of vibration reduction h, that is, the ratio of P in and P d , was introduced. The influence of different parameters on h was investigated and of particular concern was the parameter a which contributed to the characteristics of h. Only depending on the value of the smoothness parameter a, the efficiency parameter of vibration reduction was optimized. That is, SD absorber can adapt itself to meeting the demands of vibration reduction to increase load capacity and extend the service life of beam bridge.
It is worth pointing out that frequency often shifts from one mode to another in a complicated real beam bridge, which involves a versatile dynamic damper which can lead itself to linear dynamic dampers or nonlinear one to meet reduction demands. SD absorber is just the linear absorber or the nonlinear absorber and its natural frequency changes depending on the value of the smoothness parameter a, which has laid a theoretical foundation for the design of a variable-frequency absorber.
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